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Abstract. Firstly we give a condition to split off the Kahler factor from a nearly pseudo- 
Kahler manifold and apply this to get a structure result in dimension 8. Secondly we extend the 
construction of nearly Kahler manifolds from twistor spaces to negatively curved quatcrnionic 
Kahler manifolds and para-quaternionic Kahler manifolds. The class of nearly pseudo-Kahler 
manifolds obtained from this construction is characterized by a holonomic condition. The combi- 
nation of these results enables us to give a classification result in (real) dimension 10. Moreover, 
we show that a strict nearly pseudo-Kahler six-manifold is Einstein. 



Introduction 

Nearly Kahler geometry was introduced and studied in a series of papers by A. Gray in the 
seventies in the context of weak holonomy. To our best knowledge he only considers pseudo- 
Riemannian metrics in his paper on 3-symmetric spaces |13j . In the analysis of Killing spinors on 
pseudo-Riemannian manifolds Il4j nearly pseudo-Kahler and nearly para-Kahler manifolds appear 
in a natural way. Levi-Civita flat nearly Kahler manifolds provide a special class of solutions of 
the topological-antitopological fusion equations on the tangent bundle [231 US]. There is a strong 
similarity to special Kahler geometry. For these reasons we became interested in Levi-Civita flat 
nearly Kahler manifolds and were able to give a constructive classification [HE]. In particular it 
follows, that non-Kahlerian examples only exist in pseudo-Riemannian geometry and that the real 
dimension is at least 12. In other words, nearly Kahler geometry in the pseudo-Riemannian world 
can be very different from the better-understood Riemannian world. In (real) dimension six nearly 
pseudo-Kahler manifolds satisfy an exterior system analogue to the Riemannian case. Details can 
be found in [23] . This system is used there to study such structures on products G x G, where G 
is a simple three-dimensional Lie group. 

An interesting class of nearly Kahler manifolds M 4n+2 can be constructed from twistor spaces 
over positive quatcrnionic Kahler manifolds. This class is characterized [5J 119) by the reducibility 
of the holonomy of the canonical connection V to U(n) x U(l). We show in this article that the 
twistor spaces over negative quatcrnionic Kahler manifolds and para-quaternionic Kahler manifolds 
carry a nearly pseudo-Kahler structure and characterize the class of such examples by a holonomic 
condition. 

Using this result, we classify nice and decomposable (cf. Definitions 12 . 71 and 12 . 10|) nearly pseudo- 
Kahler manifolds in dimension ten. 



Theorem A. Let (M 10 ,J,g) be a nice decomposable nearly Kahler manifold, then the universal 
cover of M is either the product of a pseudo-Kahler surface and a (strict) nearly pseudo-Kahler 
manifold M 6 or a twistor space of an eight-dimensional (para-)quaternionic Kahler manifold en- 
dowed with its canonical nearly pseudo-Kahler structure. 

A strict nearly pseudo-Kahler six-manifold M 6 is shown to be Einstein in Theorem 12.111 In 
dimension eight simply connected strict nearly pseudo-Kahler manifolds are shown (Thcorcm l2.8|) 
to be products £ x M 6 of a Riemannian surface £ and a strict nearly pseudo-Kahler manifold 
M 6 . 
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In the first section of this paper we recall the definition of a nearly pseudo-Kahler manifold 
and generalize some facts and curvature identities to arbitrary signature. In the second section 
we give a general condition to split off the Kahler factor from a nearly pseudo-Kahler manifold, 
see Theorem 12.51 Using some linear algebra of three- forms this shows the splitting result for nice 
nearly pseudo-Kahler manifolds in dimension 8. The argument also holds true for a Riemannian 
metric and gives an alternative proof for the known result. If a nice nearly pseudo-Kahler ten- 
manifold is in addition decomposable, we find two cases: In the first we can split off the Kahler 
factor and in the second the holonomy of V is reducible with a complex one dimensional factor. 
This is one motivation to study twistor spaces. Before doing this in section four we recall some 
information on pseudo-Riemannian submersions in the third section. In the pseudo-Riemannian 
setting twistor spaces are a good source of examples, since quaternionic geometry is richer in 
negative scalar curvature than in positive (cf. Remark l4.7p and since we have the additional class 
of twistor spaces over para-quaternionic manifolds. In the last section we prove that a nearly 
pseudo-Kahler manifold M of twistorial type (cf. Definition 15. llj) is obtained from the above 
mentioned construction on a twistor space. This is done as follows: We prove that M comes 
from a pseudo-Riemannian submersion ir : M — > N. Then we use the nearly Kahler data on M to 
endow N with the structure of a (para-)quaternionic manifold. The proof is finished by identifying 
the twistor space of N with M. The former proofs [SJ QI5] in the Riemannian case all use the inverse 
twistor construction of Penrose or LeBrun, which does not seem to be developed for the situations 
occurring in this text. As the reader might observe, the approach presented here holds also true 
for Riemannian metrics. 

Acknowledgments. The author thanks Vicente Cortes for discussions. 

1. Nearly pseudo-Kahler manifolds 

Definition 1.1. An almost pseudo-hermitian manifold (M,J,g) is called nearly pseudo-Kahler 
manifold if it holds 

(V x J)X = 0, VX e T(TM), 
where V is the Levi-Civita connection of the (pseudo-) Riemannian metric g. A nearly pseudo- 
Kahler manifold is called strict if it holds Vx J ^ for all X 6 TM. 

1.1. Curvature identities in the pseudo-Riemannian case. The starting point of a series of 
curvature identities are 

R(W,X,Y,Z) R(W,X,JY,JZ)=g({V w J)X,(V Y J)Z), (1.1) 

R(W,X,W,Z) + R(W,JX,W,JZ) (1.2) 

- R(W, JW, X, JZ) = 2g((V w J)X, (V W J)Z), 

R(W,X,Y,Z) = R{JW,JX,JY,JZ), (1.3) 

which were already proven for pseudo-Riemannian metrics by Gray [12] . Let {e^f^ be a local 
orthonormal frame field, then the Ricci- and the Ricci*-tensor are given by 

In 2n 

g(RicX,Y) = Y,^R(X,e l ,Y,e l ), g(Ric* X,Y) = - U R{X, JY, a, Je t ) 

i=l j=l 

with Ci = g(ei,ei) = g(Jei,Jei) and X, Y G TM. The frame {e^^i is called adapted if it holds 
Jei = ei +n for i = 1, . . . , n. Then it follows using an adapted frame from equations (|1.2[l and (|1.3|l 
that 

2n 

g{rX, Y) := g((Ric - Ric*)X, Y) = ^ a ff ((VxJ)e t , (Vy J)^). (1.4) 

»=i 

Using the right hand-side we see 

[J,r} = 0. 

For the second derivative of the complex structure one has the identity 

MV 2 w.x(J)Y,Z) = -a x>Y ,z g((W w J)X,(V Y J)JZ), (1.5) 
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which was proven in [12j for Riemannian metrics and holds true in the pseudo-Riemannian setting, 
cf. [13] Proposition 7.1. This identity implies 

2n 

Y, e ^l,eM) Y =- r ( JY )- (!-6) 

i=l 

1.2. The canonical connection and some of its properties. An important property of nearly 
Kahler geometry is the existence of a canonical Hcrmitian connection [TO] (see [5] for pseudo- 
Riemannian metrics). This is the unique connection V with skew-symmetric torsion, which par- 
allelizes the metric g and the almost complex structure J. Explicitely it is given by 

V X Y = V X Y - i J(V X J)Y, for X,Y £ T(TM) (1.7) 

and its torsion equals f(X, Y) = - J(V X J)Y. 

Proposition 1.2. Denote by V the canonical connection of a nearly pseudo-Kahler manifold 
(M, J,g), Then one has V(T) = V(VJ) = 0. 

Proof. The proof given in [5] essentially uses the explicit form ()1.7|) of the connection V and the 
identity (|1.5|) . Therefore the proposition generalizes to the pseudo-Riemannian case. □ 



From Proposition 11.21 and the relation (|1.7|l of V and V one obtains the following identities for 
the curvature tensor R of V and the curvature tensor R of the Levi-Civita connection V 

R(W,X,Y,Z) = R(W,X,Y,Z)- l -g{{V w J)X,(V Y J)Z) 

+ \[g{{VwJ)Y,{V x J)Z)-g((V w J)Z,{V x J)Y)] (1.8) 

= ~[3R(W,X,Y,Z) + R(W,X, JY, JZ) 
+ a XYZ R(W,X,JY,JZ)}, 
R(W, JW, Y, JZ) = - [5R(W, JW, Y, JZ) 

- R(W,Y,W,Z) - R(W,JY,W,JZ)]. (1.9) 
With the help of the equation (|1.8p it follows 

R(W,X,Y,Z) = R(Y,Z,W,X) = -R(X,W,Y,Z) = -R(W,X,Z,Y). (1.10) 
Using V J = and Vg = we obtain 

R(W,X,Y,Z) = R(W,X,JY,JZ) (1.11) 
= R(JW, JX, Y, Z) = R(JW, JX, JY, JZ). 

The general form of the first Bianchi identity (cf. chapter III of [TJ]) for a connection with torsion 
yields in the case of parallel torsion: 

a R(W,X,Y,Z) = - a g((V w J)X,(V Y J)Z). (1.12) 

In a similar way we get from the second Bianchi identity (cf. chapter III of |16j ) for a connection 
with parallel torsion or from the second Bianchi identity for V 

- a Vv(R)(W,X,Y,Z) = a R((V V J)JW,X,Y,Z). (1.13) 
vwx vwx 

From deriving equation (jl.8p and the second Bianchi identity of V one gets after a direct compu- 
tation 

v aV v (R){W,X,Y,Z) = ±g((V Y )Z w a x (V x J)(V v J)JW), (1.14) 



which implies 



a Wv(R)(W,X,Y,JY) = 0. (1.15) 
vwx 
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Proposition 1.3. The tensor r on a nearly pseudo-Kdhler manifold (M,J, g) is parallel with 
respect to the canonical connection V. 

Proof. Deriving g(rX,X) = J2i=i e i3((^ 'eiJ)X, (V ei J)X) one obtains 

2n 

g((Vur)X,X) = 2^e i5 ((V^ 6i J)X, (V 64 J)X) 



; = 1 
2n 



J2eM(VuJ)ei,{V x J)J{V ei J)X) 



+ g((V u J)(V et J)X,(V er J)JX) 
+ gdVuJ^iV^^xJpei)}. 

We observe that in the first two terms exchanging by Je^ gives a minus sign. Hence taking an 
adapted orthogonal frame {ei}f" 1 yields: 

2n 2n 

g{(V ur )X,X) = ^e i5 ((V £ /J)X,(V Jei J)(V e4 J)X) = -^;ei ff ((V t 7J)X,(Ve 4 J)(Ve i J)JX) 

i=l i=l 
2n 

= ^2eig((V ei J)(VuJ)X,(V ei J)JX) = g(r(VuJ)X,JX). 

Polarizing this expression shows using that r is ^-symmetric the following identity 

g ((Vt/r)X, y) = ^(r-(Vc/ J)X, JY) + l -g{JX, r{V v J)Y). 
As the difference of V and V is — | JVJ the last equation is exactly Vr = 0. □ 

Theorem 1.4. Let (M,J,g) be a nearly pseudo-Kdhler manifold and let W,X be vector fields 
on M then it holds 

2n 

J2 e l e J g{re l ,e J ) [R(W, e h X, e 3 ) - 5R(W, e 4 , JX, Je 3 )] = 0. (1.16) 
Proof. Let {ei}f2i be an adapted orthogonal frame field. One observes 

2n 



J2 £iR{W, X, et, (Vy J)ei) ^ \Y. e * i R ( W > X > e « ( v ^)e0 



2 

i=l i=l 

- R{W,X,Je h {VvJ)Jei)] =0 

and one gets after derivation of the left hand-side 

2n 

[Vc; (R)(W, X, ei , (Vy J)e t ) + R (W, X, e h Vfr.y ( J)e t )] = 0. (1.17) 

i=i 

Taking the trace in U, V and applying the identity (|1.6|) yields on the second term 

2n 2n 

J2 [R(W,X,e l: \7 2 ek . ek {J) ei )] =J2e i R{W,X,e i ,-r(Je i )) 

i,fc=l i=l 
2n 

= - 7^ eiejg(rei,ej)R(W,X, e i} Jej) . 

From (|1.9p we obtain 

4i? (IF, JW, ej, J ej ) = 5i?(W, JW, e h Je 3 ) - R{W, e u W, e 3 ) - R{W, Je 4 , W, Je 3 ). 
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The first Bianchi identity using an adapted frame implies for i, j G {1, . . . , n}: 

R{W, JW, e* , Jej ) = -R( JW, e l , W, Je A ) - R{e u W, JW, Je, ) 

= -R(W, Je h JW, ei) + R(W, e h JW, Jej) 

= R(W, e j+n , JW, Je i+n ) + R(W, e h JW, J ej ), 

In an adapted frame it is g(rei +n , ej +n ) — g(rei,ej) with i,j £ {1, ...,n}. Therefore taking the 
trace in an adapted frame and polarizing yields the claimed identity if we show the vanishing of 
the trace on the first term of (|1.17|) . 

2n In 

eitjVe, (R)(W, JW, e h (V ej J)ei) = £ e^e* g((V ej J)e l , e k ) V \ (R) (W, JW, e t ,e k ) 

= o Yl a [e i eje k g((V ej J)e i ,e k )W ej (R)(W,JW,e i ,e k )] 

o — ' ijk 

i,j',fe=l 

Since eiCje k g{{V e .J)ei, e k ) is constant under cyclic permutation of i,j, k, the last expression van- 
ishes as a consequence of the curvature identities (|1 . 10|) and the identity (j 1 . 1 5|) . Polarization in 
W finishes the proof. □ 

2. First structure results 

2.1. Small dimensions. For a nearly pseudo-Kahler manifold Vw is a differential form of type 
(3,0) + (0,3). In consequence real two- or four-dimensional nearly pseudo-Kahler manifolds are 
automatically pseudo-Kahler. Six dimensional nearly pseudo-Kahler manifolds are either pseudo- 
Kahler manifolds or strict nearly pseudo-Kahler manifolds. In the strict case a nearly pseudo- 
Kahler manifold (M 6 , J,g) is of constant type, i.e. it holds 

g((V x J)Y,(V x J)Y) =a(g(X,X)g(Y,Y) - g(X,Y) 2 -g(JX,Y) 2 ) . (2.1) 

The sign of the type constant a depends on the signature (p, q) with p + q = 6. In fact it is 
sign(a) = sign(p — q), see section 7 of [14]. 

2.2. Linear algebra of three-forms. In the following section we consider a (finite dimensional) 
pseudo-hermitian vector space (V, J, {■, •}). Let 77 £ A 3 V* be a three-form. We define the support 
of 77 by 

£„ = span{ XjFjr/ 1 X, Y £ V } C V, (2.2) 

where we identified V and V* by means of (•, •). The name support is motivated by the observation, 
that for a given r] £ A 3 V* it already holds 77 £ A 3 E*, compare Lemma 7 of [8]. 

In the present paper we are essentially interested in the three- form g p ((Vx J)pY, Z) for X, Y, Z £ 
T P M on a nearly pseudo-Kahler manifold (M, J, g). This three- form is a real form of type (3, 0) + 
(0,3). The type condition implies that H v is a J-invariant subspace. In particular it follows that 
the complex dimension of the support of a non-zero such form is at least three. 
In [5] the classification of Levi-Civita flat nearly Kahler manifolds was related to the existence 
of real three-forms of type (3,0) + (0,3) with isotropic support, i.e. such that is an isotropic 
subspace. 

We define the kernel of a three-form r) £ A 3 V* by /C = JC n — ker(X X_irj). 
Lemma 2.1. One has K. = E^ and E J; = K. . 

Proof. Suppose, that X is in K, v , i.e. X_n] — 0. By definition E^ is spanned by vectors U satisfying 
(U, •} = 7](Y, Z, •) for Y, Z £ V. This implies (U, X) = r)(Y, Z, X) = 0, since ry is a three-form. If X 
is perpendicular to T, v the claim follows from the last equation and 77 £ A 3 E*. This means X is 
in !C V if and only if X is perpendicular to E^. It follows E ?) = K,^ . □ 

Lemma 2.2. Let [V, J, {■, •)) be a pseudo-hermitian vector space with dim^(V) = 8 then a real 
three-form rj of type (3,0) + (0,3) and of non-vanishing length has a (complex) one dimensional 
kernel K, v , which admits an orthogonal complement (JC^)- 1 . Moreover one has E,, = (JC^) 1 - . 
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Proof. Let us identify V and V 1,0 . Denote by {ai}j =1 a unitary basis of (V 1 - )* and define a 
(4, 0)-form v by v — cl\ A 012 A a 3 A a^. The map 

$ : V 1 ' — * A 3 (V 1,0 )*, t^C^v 

yields an isometry. Therefore the (3, 0)-form p = 77 + i J* 77 is given by p — Z_iv for some Z € V^ 1: ° 
and consequently it follows Zjp = 0. As 4> is an isometry and p has non-zero length, we conclude 
that Z is not isotropic. Denote by C C IC P the complex line spanned by Z and by C D K.-7 its 
orthogonal complement. It remains to prove C — K, : On the one hand we have S p = C /I- 1 
and on the other hand from p ^ we get dimcS p > 3 = dimc^C^. This shows E p = C and 
/C p = £. ' □ 

Remark 2.3. As the reader observes, if 77 has length zero, one can replace the orthogonal comple- 
ment by the null-space and obtain an analogous statement as in the last proposition. 

Lemma 2.4. Let (V, J, (•, •)) be a pseudo-hermitian vector space with dim^V) = 10 then a real 
three-form 77 of type (3, 0) + (0, 3) and of non-vanishing length is of the following possible types: 

(i) There exists an orthonormal real basis {fi\\=i — {ei, Jei, . . . , es, Jes} and real numbers 
a, (3 such that 

f?(ei,e2,e 3 ) = a ^ 0; ??(e 4 , e 5 , ei) = /3 (2.3) 

cmd T)(fi, fj, fk) — /or i/ie cases which are not obtained from (|2.3[) 67/ skew-symmetry 
and type relations. 

(ii) There exists an orthonormal real basis {fi}}=i = { e ii J e ij ■ • ■ 1^5, Jes} cmd reaZ numbers 
a, (3 such that 

77(ei,e 2 ,e 3 ) = a 7^ 0; 77(64, e 5 , e x + e 3 ) = /3 wit/i (ei, ei) = -(e 3 , e 3 ) (2.4) 

and r](fi, fj, fk) — for the cases which are not obtained from (|2.4|) by skew-symmetry 
and type relations. 

Proof. Denote by a unitary basis of (V 1,0 )* and define a (5,0)-form u by v — ol\ A a 2 A 

a 3 A 04 A «5. The map 

$ : A 2 !/ 1 ' -> A 3 (F 1,0 )*, 93 ^ ip jV 

yields an isometry. Therefore the (3, 0)-form p = rj+iJ*r) is given by p = yju for some 95 G A 2 U 1,0 . 
As $ is an isometry and 7/ has non-zero length, we conclude that cp is not isotropic. Define 
Z G (V 1 ' )* by Z = (ysjp = ip_i(ip_ip). From (Z, Z) = (y>, f) 2 {p, p) we obtain that Z is not isotropic. 
Choosing a unitary basis {"^( e i — * Jei), -j= (e 2 — 7 Je 2 )} of the plane and Z = ct'^(e3 — « Je 3 )* 
for a unit vector e 3 G V and a' G M— {0} we consider B 1 ' := {-^(ei— « Jei), ^(e 2 — i Je 2 ), -^(e 3 — 
iJe 3 )}. 

Claim: For C,X G span^ 1 ' it follows p(C,X, •) G span c (B 1 ' )*. 

Let us define the map $ : A 2 (span c B 1 ' ) — ► (y 1 ' )*, by linear extension of £ A % 1— ► p(£, X, •)• 
We observe that A 2 (span c B 1 ' ) is a vector space of complex dimension three, which implies that 
dimc(im$) < 3. As p is a three-form one easily sees that the duals of ej — iJej for j — 1,2,3 
are contained in im$. By the bound on the dimension of im$ the components orthogonal to 
(span£> 1,0 )* vanish. This proves the claim. 

Let W be the orthogonal complement of span c £> 1,0 . Choose an orthogonal basis {e4 — iJe^^e^ — 
iJe§} of W. Using that p is skew-symmetric we conclude that Z = p{e^ — iJe^e^ — iJe 5 , ■) is 
perpendicular to the dual W* of W and hence an element Z of (span c S 1,0 )*. If (Z,Z) ^ 
we can adapt the basis of B 1 ' such that Z = fl' -j=(e\ — iJe{)*. If (Z,Z) = we can achieve 

Z = (3'-j% [(ei — 7 Jei) + (e 3 — iJe 3 )] with (ei,ei) = — (e 3 ,e 3 ). Passing to the real basis yields 
some new constants a, (3 and the claim of the Lemma. □ 
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2.3. Kahler factors and the structure in dimension 8. The aim of this subsection is to split 
off the pseudo-Kahler factor of a nearly pseudo-Kahler manifold. This will be done by means of 
the kernel of V J and allows to reduce the (real) dimension from eight to six. 

For p £ M we set 

K, p = ker(X £ T p M i-> V X J)- 

Theorem 2.5. Let (M, J, g) be a nearly pseudo-Kahler manifold. Suppose, that the distribution 
K. has constant dimension and admits an orthogonal complement, 

(i) then M is locally a pseudo-Riemannian product M — K x Mi of a pseudo-Kahler manifold 
K and a strict nearly pseudo-Kahler manifold M\ . 

(ii) if M is complete and simply connected then it is a pseudo-Riemannian product M = 
K x Mi of a pseudo-Kahler manifold K and a strict nearly pseudo-Kahler manifold M\. 

Proof. The distribution K. is parallel for the canonical connection V, since VJ is V-parallel. By 
the formula (|1.7|) and the nearly Kahler condition it follows V xK — V xK for sections K in /C 
and X in TM. This implies that K, is parallel for the Levi-Civita connection and in consequence its 
orthogonal complement (/C) 1 " is Levi-Civita parallel. The proof of (i) finishes by the local version 
of the theorem of de Rham and the proof of (ii) by the global version. □ 

Remark 2.6. There exist nearly pseudo-Kahler manifolds (M,J,g) without pseudo-Kahler de 
Rham factor, such that }C n ^ {0} admits no orthogonal complement. In fact there are Levi-Civita 
flat nearly pseudo-Kahler manifolds constructed in Theorem 1 and 3 of [8] such that the three- 
form rjp(X, Y, Z) = g p (J(VxJ)y, Z), for p £ M, has a support c T p M which is a maximally 
isotropic subspace (Here we identified T p M and T*M via the metric g.). Obviously, J(VxJ)Y 
and J(VjjJ)V are elements of the support of n for arbitrary X,Y,U,V £ T p M. It then follows 
= g{J{VxJ)Y,J{VuJ)V) = g{J(Vj {Vx j )Y J)U,V) for all V £ T p M. Hence it is £„ c JC V . 
Moreover for general reasons we have shown before S, ; = K/r which shows K, v (~l K/r ^ {0} for the 
above examples. From these examples we learn, that the Theorem 12.51 does not hold true, if there 
is no orthogonal complement. 

Definition 2.7. A nearly pseudo-Kahler manifold (M,J,g) is called nice if the three-form 
<?((V. J)-, •) has non-zero length in each point p £ M. 

Theorem 2.8. Let (M s , J, g) be a complete simply connected eight- dimensional nice nearly 
pseudo-Kahler manifold. Then M = M\ x M2 where M\ is a two-dimensional Kahler manifold 
and Mi is a six- dimensional strict nearly pseudo-Kahler manifold. 

Proof. Since (M, J, g) is a nice nearly pseudo-Kahler manifold we can use Lemma l2.2l to obtain an 
orthogonal splitting in the two-dimensional distribution /C and its orthogonal complement, which 
coincides with T, v . Therefore we are in the situation of Theorem 12.51 (ii) . □ 

2.4. Einstein condition versus reducible holonomy. 

Theorem 2.9. Let (M,J,g) be a nearly pseudo-Kahler manifold. 

(i) Suppose that r has more than one eigenvalue, then the canonical Hermitian connection 
has reduced holonomy. 

(ii) If the tensor field r has exactly one eigenvalue then M is a pseudo-Riemannian Einstein 
manifold. 

Proof, (i) Let fii for i = 1, . . . , I be the eigenvalues of r. Then the decomposition in the according 
eigenbundles Eig(^) is V-parallel and hence its holonomy is reducible, 
(ii) From the identity of Theorem 11.41 and r — [j,1tm we obtain 

In 

=^2e i (R(W,e i ,X,e i ) - hR{W,e h JX, Je 4 )) = g((Ric - 5Ric*)W, X), 

i=l 

where we used the Bianchi identity and an adapted frame to obtain the last equality. This shows 
comparing with r = Ric — Ric* that it holds Ric = f /x. □ 
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Let us recall, that in the pseudo-Riemannian setting the decomposition into the eigenbundles 
is not automatically ensured to be an orthogonal direct decomposition. Therefore we introduce 
the following notion: 

Definition 2.10. A nearly pseudo-Kahler manifold (M, J, g) is called decomposable if the above 
decomposition into the eigenbundles of the tensor r is orthogonal. 

Theorem 2.11. A strict nearly pseudo-Kahler six-manifold (-M 6 , J, g) of constant type a is a 
pseudo-Riemannian Einstein manifold with Einstein constant 5a. 

Proof. In an adapted basis we obtain from the symmetries of V J 

3 

g(rX,X) = 2^ £ , 5 ((V JC J)e ! ,(V x J)e 1 ) = -2^ ei!? ((VxJ) 2 e 1I e ! ). 



3 
i=l 



This is exactly minus the trace of the operator (VxJ) 2 which has a simple form in a cyclic frame. 
It follows after polarizing g(rX,Y) = 4ag(X, Y). From Theorem 12.91 we compute the Einstein 
constant 5a where a is the type constant of the strict nearly pseudo-Kahler manifold M e . □ 

Proposition 2.12. Let (M w , J, g) be a nice nearly pseudo-Kahler ten-manifold. 
(i) Then the tensor r in a frame of the first type in Lemma \2.4\ is given by 

4(a 2 + /? 2 )e 1; 
re3 



rei 
re2 
re4 
r(Jei) 

where a, (3 are constants. 



4a 2 e%, 
4/3 2 e 4 , 
Jr(ei), 



4a e3, 
re s = 4/3 2 e 5 , 
i = 1,...,5, 



a frame of the 


second 




ei 




r 


62 


= 4 












r( 



/? 2 e 4 e 5 


a 2 + /3 2 e 4 e 5 





ei 




e2 




. e 3 . 



" a 2 + /3 2 e 4 e 5 
a 2 
/? 2 e 4 e 5 
re 4 = 0, 

re 5 = 4/3 2 (2 ei e 4 -l)e 5 , 
"(Jet) = Jr{e l ), i = l,...,5. 

ITie eigenvalues are {0; 4a 2 ; 4 /3 2 (2eie 4 — l);4(a 2 + 2/3 2 e 4 e5)}, where the eigenbundles are 
given as 

Ker(r) 
Eig(r, 4a 2 ) 
Eig(r,4/? 2 (2e l£4 -l)) 
Eig(r,4(a 2 + 2/5 2 e 4 e 5 ))) 



span{e 4 , Je 4 }, 

span{-e 4 + e 3 , e 2 , - Je\ + Je 3 , Je 2 }, 

span{e 5 , Je 5 }, 

spanjei + e 3 , Je 4 + Je 3 }, 



where a, /3 are constants. For /3 2 ^ i/ie second case is not decomposable. 
(hi) Suppose (3 = m i/ie case (%) and (zij. T/ien it follows 

Eig(r, 4a 2 ) = span{ei, e 2 , e 3 , Jei, Je 2 , Je 3 }, 
Ker(r) = span{e 4 , 65, Je 4 , Jes}. 

Proof. In an adapted basis we obtain from the symmetries of V J 



g(rX,Y) 



5 

i=l 



ei5((VxJ)ei,(VrJ)ei) 



5 



e iff ((V Y J)(Vj f J) ei 



This is exactly minus the trace of the operator (Vy J)(WxJ)- Using the form of Lemma 
can calculate r by hand or using computer algebra systems to obtain the claimed results. 



one 
□ 



ON THE STRUCTURE OF NEARLY PSEUDO-KAHLER MANIFOLDS 



I) 



Theorem 2.13. Let (AT 10 , J, g) be a complete simply connected nice decomposable nearly pseudo- 
Kdhler manifold of dimension ten. Then M 10 is of one of the following types 

(i) the tensor r has a kernel and M 10 = K x M 6 is a product of a four- dimensional pseudo- 
Kahler manifold K and a strict nearly pseudo-Kahler six-manifold M 6 . 

(ii) the tensor r has trivial kernel and r has eigenvalues 4(a 2 +f3 2 ) with multiplicity 2, 4a 2 , 4/3 2 
with multiplicity 4 for some a, (3 ^ 0, 

A nice nearly pseudo-Kahler manifold (M 10 , J, g) is decomposable if the dimension of the kernel 
of r is not equal to two. 

Proof. Since we suppose, that (M 10 , J, g) is a nice and decomposable nearly pseudo-Kahler man- 
ifold, Proposition 1 2 . 1 21 implies that one has the two different cases: 

(i) the distribution /C, which is the tangent space of the Kahler factor has dimension four and 
admits an orthogonal complement of dimension six. This is part (iii) of Proposition 12. 121 Part (i) 
of the Theorem now follows from Theorem 12.51 

(ii) the tensor r has trivial kernel and we are in the situation of Proposition 12.121 part (i) with 
a, (3 ^ and part (ii) follows. □ 

Remark 2.14. Nearly pseudo-Kahler manifolds falling in the second case of the last theorem will 
be shown to be related to twistor spaces in section l5~5l 



3. PSEUDO-RlEMANNIAN SUBMERSIONS 

Let us consider the setting of a pseudo-Riemannian submersion n : (M, g) —* (N, h) . The 
tangent bundle TM of M splits orthogonally into the direct sum 

TM — H®V. (3.1) 

Denote by lu, the canonical inclusions and by itu^y the canonical projections. We recall the 
definition (3j [21] of the fundamental tensorial invariants A and T of the submersion 7r 

T c = tt h ° V Wv(c) o Try + tt v o V 7rv(c) o n n , 
A c =ir n o V nn (Q o Try + ttv ° V 7r „ (c) o n H , 

where £ is a vector field on M. 

The components of the Levi-Civita connection V are given in the next proposition (compare [21] . 
[3] 9.24 and 9.25). 

Proposition 3.1. Let tt : (M,g) — > (N,h) be a pseudo-Riemannian submersion, denote by V 
the Levi-Civita connection of g and define V v := 7ry o V o Ly . For vector fields X,Y inTL andU,V 



in V we have the following identities 

VuV = VlV + TuV, (3.2) 

VuX = TuX + irniVuX), (3.3) 

V X U = ir v (V x U) + A x U, (3.4) 

V X Y - A x Y + ir n (V x Y), (3.5) 

n v [X,Y] = 2A X Y, (3.6) 

g{A x Y, U) = —g{A x U,Y), or more generally A is alternating. (3-7) 



The canonical variation of the metric g for t G R — {0} is given by 

(g(X,Y), for X, YeH, 
g t :=ltg(V,W), for V, W £ V, 

(g(V,X) = 0, for v e V,X e H. 

Lemma 3.2. Denote by X,Y vector fields in TL and by U,V vector fields in V. 



in 
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(1) Let A* and T be the tensorial invariants for g t and A and T those for g = g-y. Then it 
holds 

A* X Y = A X Y, A X U= tA x U and (3.8) 

T{jV = tTuV, T l v X = TjjX- (3.9) 

(2) V$V = VlV; 
(3) 

*h(VxY) = n n (V x Y) and n v (\7 x V) = t: v (\7 x V); (3.10) 

(4) 

n H (y t vX-VvX) = {t-l)A x V; (3.11) 

V t u V = V u V + (t-l)T u V. (3.12) 

Proof. The first part can be found in Lemma 9.69 of 3]. On the right hand-side of the Koszul 
formulas one only needs the metric gt on V to determine V' V . This shows V* V = V v . An analogous 
argument using the Koszul formulas shows nni^xY) = ^ni^xY) and ttx>(\7 x V) = ttx>(\7 x V). 
The first part of the point (4) follows from the identities l|3.6j) and ()3.7|1 and the Koszul formulas. 
The last equation follows from (1) and (2): V\jV = V^V + T{jV = V^F + tT v V = V V V + (t - 
1)T V V. □ 



4. TWISTOR SPACES OVER QUATERNIONIC AND PARA-QUATERNIONIC KAHLER MANIFOLDS 

In this section we consider pseudo-Riemannian submersions 7r : (M, g) —> (N, h) endowed with 
a complex structure J on M which is compatible with the decomposition (|3.ip . 

Lemma 4.1. Let 7r : (M,g) — > (N,h) be a pseudo-Riemannian submersion endowed with a 
complex structure J on M which is compatible with the decomposition (|3.ip . Then (M,g,J) is a 
pseudo-Kahler manifold if and only if the following equations are satisfied 

Tr H ((VxJ)Y)=n H ((V v J)X)=0, (4.1) 

(V^J)y = 7T V ((\7 X J)V) = 0, (4.2) 

A X (JY) - JA X Y = 0, A X (JV) - JA X V = 0, (4.3) 

T V {JX) - JT V X = 0, Tu(JV) - JTuV = 0, (4.4) 

where X, Y are vector fields in Ti and U, V are vector fields in V. 

Proof. Let X, Y be vector fields in TL and U, V be vector fields in V. Then it follows from comparing 
components in H © V 

(Vx J)Y = n n ((y x J)Y) + >k v {V x J)Y) = tt w ((Vx J)Y) + (A X (JY) - JA X Y), 
(VxJ)V = Tr n ((V x J)V)+TT V (S/xJ)V)=TT V {(\7 x J)V) + {A x (JV)-JA x V), 
(V V J)X = Tr n ((VvJ)X)+ir v {\7vJ)X) = ir n ((\7 v J)X) + (T v (JX)-JT v X), 
{V V J)V = n n ((VuJ)V) + tt v (\7uJ)V) = (V^ J)V + (Tu(JV) - JT V V). 

□ 

Further we define a second complex structure by 




J on H, 
-J on V. 



We observe that J = J. This construction was made in pjj] for the Riemannian setting and imitates 
the construction on twistor spaces. 
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Proposition 4.2. Suppose, that the foliation induced by the pseudo-Riemannian submersion 
7r is totally geodesic and that (M, J, g) is a pseudo-Kahler manifold and J is compatible with 
the decomposition (|3.1[) . then the manifold (M,g = gi, J) is a nearly pseudo-Kahler manifold. 
The distributions Ti. and V are parallel with respect to the canonical Hermitian connection V of 
[M,g, J). In other words the nearly pseudo-Kahler manifold (M,g,J) has reducible holonomy. 

Proof. Let U, V be vector fields in V and X, Y be vector fields in H : In the following V is the Levi- 
Civita connection of g. Since the fibers are totally geodesic, i.e. T = 0, we obtain from equation 
(pT2l) . that V V V = VfjV + f v V = V%V + T V V = Vc/V, which yields {V V J)V = -(V[/J)V* = 0. 
In the sequel we denote the O'Neill tensors of the pseudo-Riemannian foliations induced by V on 
(M,g) and on (M, g) by A and A, respectively. From Lemma [3.21 it follows AxY — AxY and 
consequently the same Lemma yields V xY = V xY. 

Since (M, g) is Kahler, Lemma |4. 1 1 implies A o J = J o A and we compute 

(VxJ)Y = Vx(JY)-JV x Y (4.5) 

M^x(JY)] + 7r v [Vx(JY)} - J{n n (VxY) + 7T V (V X Y)) 
ir n [Vx(JY) - JVxY] + tt v [Vx(JY) + JV X Y] 
Tr n ((VxJ)Y) + Ax(JY) + jA x Y 

< m » E3J n n ((V x J)Y) + 2A X (JY) «P 2A X (JY) = 2JA X Y. 
With the identity A X V = 2A X V of Lemma I3~2l we get 

(VxJ)V = Vx(JV)-JVxV (4.6) 

-MVx(JV)) - n n (Vx(JV)) + J^(Vx^) - Jn n (V x V) 
-7T V ((Vx - A X JV - JA X V 

= -kvKKV xJ)V) - JA X V = -A x JV. 

The vanishing of the second fundamental form T, equation (|3.9p and a second time AxV = 2AxV 
show 

(V V J)X = Tr v (S7 v (JX)) + ir v (J\7vX)+ir n (\7 v (JX)-JS7 v X) (4.7) 



TV(JX) + J(f v X) + ir n {(\7 v J)X) + ^(JA X V - A JX V) = JA X V, 

where we used AjxV = — J AxV which follows, since Ax is alternating (compare equation ()3 . T[) ) 
and commutes with J. The next Lemma finishes the proof. □ 

Lemma 4.3. 1.) Suppose, that {M, J, g) is a nearly pseudo-Kahler manifold and J is compatible 
with the decomposition (|3.ip . then the following statements are equivalent: 

(i) the splitting (13. ip is V ' -parallel, 

(ii) the fundamental tensors A and T satisfy: 

f v X = 0, JT V W = ~f v JW JT V W = f v JW for J = J, (4.8) 

A X V = ^J{V X J)V, A X Y =K v (j{VxJ)y)- (4.9) 

2.) If it holds (Vy J)W = then V V W eV forV,W eV is equivalent to T V W = 0. Moreover it 

is (V y J)VF = 0. 

Proof. First we compute 

V V W = \7 V W- ^J(V V J)W 



V^W + f v W - i J{Vl J)W - hjf v {JW) + f v W) 



= VvW -^J(VlJ)W + ^{f v W - JT V (JW)). 
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The first two terms lie in V, the second terms lie in TL and therefore the expression is in V if and only 
if JT V (JW) = f v W f v {JW) = -Jf v W. From = ir n (V x V) = n n (V x V - \J{V X J)V) 
one determines 

AxV = tt h (v x v) = ^ith (j(Vxi)v) = \j(yxJ)v. 

The last equality follows from Lemma [5.31 (ii) part b). Conversely, if AxV is given by the last 
formula one gets 

f x V = V X V - -J(V X J)V = V X V - AxV = ir v (V x V) G V. 
With the same identity we calculate 

Trv(VyX) = Try (v v X - ^J(p v J)x\ = ttv(VvX + AxV) = ir v {V v X). 

This is in H if and only if TyX — 7Ty(VyX) = 0. The last component, i.e. ttvC^xY) = 
7ry (v x Y - ± J(V X J)y) is zero if and only if we have A X Y = n v {V x Y) = ±tt v (j(V x J)Y^ . 
2.) With (V v j)W = we calculate 

V V W = V V W + ~(V V J)JW = V^rW + fvW. 

This lies in V if and only if f v W = 0. □ 

We apply Proposition 14.21 to twistor spaces and obtain. 

Corollary 4.4. The twistor space Z of a quaternionic Kahler manifold of dimension 4fc with 
negative scalar curvature admits a canonical nearly pseudo-Kahler structure of reducible holonomy 
contained in U(l) x U(2k). 

Proof. We remark that in negative scalar curvature the twistor space of a quaternionic Kahler 
manifold is the total space of a pseudo-Riemannian submersion with totally geodesic fibers. It 
admits a compatible pseudo-Kahler structure of signature (2, 4k), cf. Besse [3] 14.86 b). The 
assumption of positive scalar curvature is often made to obtain a positive definite metric on Z. 
Here we focus on pseudo-Riemannian metrics and consequently on negative scalar curvature. □ 

Proposition 4.5. The twistor spaces Z of non- compact duals of Wolf spaces and of Alekseevskian 
spaces admit a nearly pseudo-Kahler structure. 

Proof. Non-compact duals of Wolf spaces are known [22] to be quaternionic Kahler manifolds of 
negative scalar curvature. The same holds for Alekseevskian spaces [TJ [6] . □ 

Studying the lists given in [TJ [6J [22] we find examples of six-dimensional nearly pseudo-Kahler 
manifolds. 

Corollary 4.6. The twistor spaces Z of MP 1 = Sp(l, l)/Sp(l)Sp(l) and SU(1, 2) / S (U (l)U (2)) 
provide six- dimensional nearly pseudo-Kahler manifolds. 

Remark 4.7. The situation in negative scalar curvature is more flexible than in the positive case. 
This is illustrated by the following results in this area: In the main theorem of [17] it is shown 
that the moduli space of complete quaternionic Kahler metrics on R is infinite dimensional. A 
construction of super-string theory, called the c-map |llj . yields continuous families of negatively 
curved quaternionic Kahler manifolds. These results show that Corollary 14.41 is a good source of 
examples. 

Another source of examples is given by twistor spaces over para- quaternionic Kahler mani- 
folds. Since these manifolds are less classical than quaternionic Kahler manifolds, we recall some 
definitions (cf. [2] and references therein). 
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Definition 4.8. Let (£1,62,63) = (—1,1,1) or some permutation thereof. An almost para- 
quaternionic structure on a differentiable manifold M Ak is a rank 3 sub-bundle Q C End (TM), 
which is locally generated by three anti-commuting endomorphism- fields Ji,J2,J3 — J\Ji- These 
satisfy Jf — tild for i = 1, . . . , 3. Such a triple is called standard local basis of Q. A linear torsion- 
free connection preserving Q is called para-quaternionic connection. An almost para-quaternionic 
structure is called a para-quaternionic structure if it admits a para-quaternionic connection. An 
almost para-quaternionic hermitian structure (M,Q,g) is a pseudo-Riemannian manifold endowed 
with a para-quaternionic structure such that Q consists of skew-symmetric endomorphisms. For 
n > 1 (M 4k ,Q,g) is a para-quaternionic Kahler manifold if Q is preserved by the Levi-Civita 
connection of g. In dimension 4 a para-quaternionic Kahler manifold M 4 is an anti-self-dual Einstein 
manifold. 

We use the same notions omitting the word "para" for the quaternionic case. The condition 
that Q is preserved by the Levi-Civita connection is in a given standard local basis {</;}f =1 of Q 
equivalent to the equations 

V x J l = -6 k {X)e j J j + j (X)e k J k , for X £ TM, (4.10) 

where k is a cyclic permutation of 1,2,3 and {#i}f =1 are local one-forms. In the context of 
para-quaternionic manifolds one can define twistor spaces for s — 1, 0, — 1 

Z s := {A e Q I A 2 = sld, with A ^ 0}. 

The case of interest in this text is Z = Z~ l , since this twistor space is a complex manifold, 
such that the conditions of Proposition 14.21 hold true (cf. 2J). Therefore we obtain the following 
examples of nearly pseudo-Kahler manifolds. 

Corollary 4.9. The twistor space Z of a para-quaternionic Kahler manifold with non-zero 
scalar curvature of dimension Ak admits a canonical nearly pseudo-Kahler structure of reducible 
holonomy contained in U(k,k) x U(l). 

Example 4.10. The para-quaternions H are the R-algebra generated by {l,i,j, k} subject to 
the relations i 2 — — 1, j 2 = k 2 = 1, ij = —ji = k. Like the quaternions, the para-quaternions 
are a real Clifford algebra which in the convention of [18] is H = Cl\^\ = CIq^ — K(2). One 
defines the para-quaternionic projective space HP" by the obvious equivalence relation on the 
para-quaternionic right-module H" +1 of (n+ l)-tuples of para-quaternions. The manifold HP™ is 
a para-quaternionic Kahler manifold 4J in analogue to quaternionic projective space HP™. This 
yields examples of the type described in the last Corollary. 

5. Reducible nearly pseudo-Kahler manifolds 

In this section we study the case of a nearly pseudo-Kahler manifold (M 2n , J, g), such that the 
holonomy of the canonical connection V is reducible, in the sense that the tangent bundle TM 
admits a splitting 

TM=H®V 

into two V-parallel sub-bundles H., V, which are orthogonal and invariant with respect to the 
almost complex structure J. 

5.1. General properties. In this subsection we carefully check, generalizing [20] to pseudo- 
Riemannian foliations, the information which follows from the decomposition into the J-invariant 
sub-bundles. 

Lemma 5.1. In the situation of this section and for a vector field X in Ti., a vector field Y in 
TM and vector fields U,V in V it is 



R(X, Y, U, V) = g ([V a J, Vy J]X, Y) - g {{W X J)Y, {V V J)V) 



(5.1) 
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Proof. Since H and V are V-parallel it follows R(Y, U, X, V) = and using equation (|1.8[) we get 

i?(r,c/,x,v) = i 9 ((Vyj);7,(VxJ)^) 

- ^ [ff((Vy J)X, (VuJ)V) - g((V Y J)V, (VuJ)X)} 
= ~9((V v J)(VuJ)Y,X) 

- \ [g((y Y J)X, {V V J)V) - g((VuJ)(V v J)Y, X)} . 

The first Bianchi identity yields 

R(X,Y,U,V) = -R(Y,U,X,V) - R{U,X,Y,V) 
= -R{Y,U,X,V) + R{X,U,Y,V) 

= \g ([(Vv J), (VuJ)]Y, X) + ±g((V Y J)X, (VuJ)V). 
Replacing the last expression into 

R{X,Y,U,V) = R(X,Y,U,V)-~g((V x J)Y,(VuJ)V) 

+ \ [g{{V x J)U, (VyJ)V) - g((V x J)V, (V Y J)U)} 
proves the Lemma. □ 

Corollary 5.2. For vector fields X,Y inTL and V,W in V one has 

(i) {V x J)(VvJ)W = 0; (VyJ)(V x J)Y = 0; 

(ii) (V X J)(V Y J)Z belongs to H for all Z G T(H); 

(iii) (Vy J)(Vw J)X belongs to H; and (Vx J)(Vy J)V* fce/onys to V. 
Proo/. 

(i) follows from the fact, that R(JX, JY, V 1 W) — R(X, Y, V, W) and that the first term of equation 
(|5.1[) has the same symmetry with respect to J. This yields on the one hand 



.9 {(VjxJ)JY, (y v J)W) = g ((V* J)Y, (V V J)W) 
and on the other hand it is 

g ({VjxJ)JY, (V V J)W) = -g ((V X J)Y, (V V J)W) . 

Consequently one has g ((VxJ)Y, (Vy J)W) — 0. Exchanging H and V finishes part (i). 

(ii) From (i) one gets the vanishing of 

g{(V v J)(V Y J)Z,X) =g(Z, {V Y J){V V J)X) = -g(Z, (Vy J)(Vx J)V) = -<?((Vx J)(Vy J)Z, V). 

(iii) From (i) it follows = R{X, U, V, W) = g([Vy J, V w J]X, U). This yields [Vy J, V W J]X G W 
and by \S7 v J ^ jw J]J X = — {Vy J, V«/ J}X G 7i we get the first part. The second part follows 
by replacing 7i and V. □ 

5.2. Co-dimension two. Motivated by the above section on twistor spaces we suppose from now 
on that the real dimension of V is two. 

Lemma 5.3. Let dim)g(V) = 2. 

(i) Then the restriction of the metric g is either of signature (2,0) or (0,2). 

(ii) a) T(V, W)=0 for all V, W G V. 

b) T(X, U) G U for all X eH and U G V. 

c) In dimension six it is T(X, Y) G V for all X,Y G TL. 

d) Span{ir v (T(X, Y)) \ X, Y G H} = V. 
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Proof. Let V G V with g(V, V) ^ 0, then it is V = span{V, JV}. (i) It holds g(JV, JV) = g(V, V) ^ 
0. This proves (i). 

(ii) In the following we denote by X, Y (local) sections of TC and by U, V (local) sections of 
V : The part a) follows from T(V, V) — T(JV : JV) = and from the formula for the torsion 
T(V, JV) = -J(V V J)JV = -(Vy J)V = 0. 

Part b) follows from the fact that g((Vjj J)Y, V) and g((Vu J)Y, JV) are three-forms: This implies, 

that one has g{{VuJ)X, V) = -g{{VjjJ)V, X) = and g{{\7 u J)X 1 JV) = -g((V v J)V, JX) = 0. 
Hence the projection of T(X, U) on V vanishes and part b) follows. Next we show part d). There 
exists a pair X, Y, such that 7r v (T(A, Y)) ^ 0. Then it follows tt v (T(X, JY)) = -Jir v (T(X, Y)) ^ 
and part d) holds true. If there were no such pair X, Y then it follows — g(T(X, Y), V) = 
g{J{V x J)Y,V) = -g(J(V v J)Y,X) = for all X, Y G H, V G V and consequently using a) and 
b) it follows Vy J = 0. This contradicts the fact, that M is strict nearly Kahler. It remains part c). 
As T(X, Y) ^ it follows that X and Y are linear independent. From the symmetries of T(X, Y) 
one concludes, that span R {X, Y, JX, JY} C H has real dimension 4 and hence coincides with H. 
Using the symmetries of V J one gets T(X, Y), T(X, JY),T(JX, Y),T(JX, JY) G V. This finishes 
the proof. □ 

Corollary 5.4. Let diiriR(V) = 2. Then the foliation V has totally geodesic fibers and the O'Neill 
tensor is given by A X Y = ±ir v (J{V x J)Y) and A X V = \ j(V x J)V. Moreover it is V v J = 0. 

Proof. From Lemma IQlfii) a) we obtain (Vy J)W = with V : W G L(V). By Lemma fQl part 2) 
it follows TyW = and V v J = 0, since the decomposition H © V is V parallel. Part 1) of Lemma 
14.31 finishes the proof. □ 

Proposition 5.5. Let (M,J,g) be a nearly pseudo-Kahler manifold such that the property of 
Lemma \ 5.3\ (ii) c) is satisfied and such that V has dimension 2, then {M,J = J ,g = g%) is a 
pseudo-Kahler manifol$\. 



It is natural to suppose the property of Lemma [5731 (ii) c), since this holds true in the cases of 
twistorial type which are studied in the next sections. 

Proof. By the last Corollary the data of the submersion is T = T = 0, A X Y = A X Y = 
^irv(J(V x J)Y) and A X V — 2A X V — J(V X J)V. Since A anti-commutes with J it commutes 



with J. This yields the conditions (|4.3[) and (14. 4|) of Lemma [4. II on the triple A, T, J. Further it 
holds V V J = 0. From the reasoning of equation (|4. 5[) we obtain h-h{(SxJ)Y) = TTn(C^xJ)Y) 
which vanishes by the property of Lcmma l5.3l fii) c). By an analogous argument we get from equa- 
tion (|4~6|) the identity n v ((\7 x J)V) = -~ir v ((V x J)V). This vanishes by Lemma IQl(ii) b). From 

equation g77D we derive -tt w ((Vx J)V) ir n ({V v J)X) = Tr n {{V v J)X) + 2Tr n (JA x V). The 
definition of A X V yields 7r-^((VyJ)X) = 0. These are all the identities needed to apply Lemma 

PI □ 



Proposition 5.6. Let X,Y be vector fields in TL and Vi,V2,Vs be vector fields in V. Suppose 
that it holds T(V, W) = for all V, W G V then it is 

R((V X J)JY,V 1 ,V 2 ,V 3 ) - g(JY, [V^J, [Vy 2 J, Vy 3 J]]X). (5.2) 

Moreover, one has VuR(Vi, V2, V3, V4) = 0. 

Proof. For V\, V2, V3 G V and X G H the second Bianchi identity gives 

- a V x (R)(Y,Vi,V 2 ,V 3 ) = a R((V X J)JY,V U V 27 V 3 ). 

As the decomposition Tt © V is V-parallel the terms on the left hand-side vanish due to the 
symmetries (|1.10[) of the curvature tensor R. The right hand-side is determined with the help 
of Lemma [5.11 and Corollary 15.21 If we apply V to the formula (|5.2|) we obtain by V(VJ) = 
the identity g (Vu(R)(Vi, V 2 , V 3 ), (V X J)Z) = with Z = JY. This yields the proposition using 
Lemma I5~3l (ii) part d). □ 



^Here we use '■ for the inverse construction of ' 
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5.3. Six-dimensional nearly pseudo-Kahler manifolds. Before analyzing the general case 
we first focus on dimension six. 

Lemma 5.7. On a six- dimensional nearly pseudo-Kahler manifold (M 6 , J, g) the integral man- 
ifolds of the foliation V have Gaussian curvature Act and constant curvature K = Aa, where a is 
the type constant. 

Recall that the sign of a is completely determined by the signature of the metric g, cf. section |2~T1 

Proof. Let X and V be (local) vector fields of constant length in Ti and V, respectively. Then it 
follows from equation (|1.7p and the skew-symmetry of V J: g(VyV, V X X) — c/(Vy V, VxX) = 0. 
This identity yields 

R(X,V,X,V) = -g(VvVx + V [x ,v]V,X) 

N = s(V x y,Vyl) - ^g{J{V [xy] J)V,X) 

= U)b) g(V x V,V v X) - ±g(J(V x J)V,7r n ([V,X])) 

= 5(VxV, VyX) - ^g(J{V x J)V, W V X - lj(\7 x J)V) 

g{VxV,V v X) + ^g((VxJ)V,(VxJ)V) 

= ( " )6) g(V x VSvX) + \g{{V x J)V, (V X J)V) 

~g((V x J)V,(V x J)V). 

At the equality (*) we use Lemma 1531 (ii) b) which implies, that VyX = VyX + | J(Vy J)X G Ti 
to show 

7r H ([V,X}) = V V X -Tr H (V x V)-^J{V x J)V 

= V V X-^J{V X J)V. 

Since M 6 is strict, we obtain R(X, V, X, V) = \ag{X, X)g(V, V). In addition it holds Ric = bag 
which implies 

4 

5ag(V, V) = g(Ric(V),V) = g(V, V)R(JV, V, JV, V) + £ g{e h e t )R(e u V, e h V) 

i=i 

4 

a ■ 



g(V, V)R(JV, V, JV, V) + -J2 9(ei, e t ) 2 g(V, V), 



i=l 

where {ei}| =1 is an orthogonal frame of Ti. This equation yields R(JV, V, JV, V) = 4a and it 
follows that the fibers have Gaussian curvature 

R(JV,V,JV,V) 
g(V,V)g(JV,JV)-g(V,JVr ° 
and constant curvature n = 4a. □ 

Proposition 5.8. The manifold (M, J, g) is the total space of a pseudo-Riemannian submersion 
7r : (M, g) — » (TV, /i) where {N, h) is an almost pseudo-hermitian manifold and the fibers are totally 
geodesic hermitian symmetric spaces. In particular, the fibers are simply connected. 

Proof. The foliation which is induced by V is totally geodesic and each leaf is by Proposition 15.61 
a locally hermitian symmetric space of complex dimension one. 

It is shown in Lemma 15.71 that each leaf has constant curvature k. In the case k > the leaves 
are compact and we can apply a result of Kobayashi, cf. |3J 11.26, to obtain that the leaves are 
simply connected. Since the leaves are also simply connected it follows, that the leaf holonomy is 



ON THE STRUCTURE OF NEARLY PSEUDO-KAHLER MANIFOLDS 



17 



trivial and that the foliation comes from a (smooth) submersion (cf. p. 90 of [26 ). In the case 
k < we observe, that (M, J, —g) is a nearly pseudo-Kahler manifold of constant type —a. The 
same argument shows that the fibers are simply connected. □ 

Lemma 5.9. Let (AI 6 ,g,J) be a strict nearly pseudo-Kahler six-manifold of constant type a. 
For an arbitrary normalize^ local vector field V £ V, i.e. ey — g(V, V) £ we consider 

the endomorphisms J\ := Jm, J 2 : W 3 X h (VyJ)X £ H and J3 = J\Ji- Then the triple 
(Ji, J2, J3) defines an e-quaternionic triple on TL with t\ = —1 and e 2 = £3 — sign(—aev) and it 
is 

Tr n [(V x j t )Y] = -OkbdejJjY + 9 3 ( X )e k j k Y, 

for a cyclic permutation of i,j,k and with 9i{x) — s i9 n (ct)g(JV, V^V), ^a(x) — — si9 n {&)\/VA9{Vi Jx) 
and 9 3 (x) = sign(a)\/\a\g(V, x). The sub-bundle of endomorphisms spanned by (Ji, J2, J3) does 
not depend on the choice of V. 

Proof. Let A{X) = (V V J)X for a fixed V £ V with ey = g(V, V) G {±1} and an arbitrary X G TL. 
Then it is 

g(A 2 (X),X) = -g(A(X),A(X)) = -g((V v J)X,(V v J)X) 
= -ag(V,V)g(X,X) 

and we find after polarizing the last expression in X the identity A 2 (X) = —aeyX. 
Furthermore A is a skew-symmetric endomorphism field and in consequence trace-free. Therefore 
the endomorphism field 

J 2 = ^(VyJ) 

vM 

is a hermitian structure if aey > and a para-hermitian structure (since it is trace-free) if aey < 0. 
Next we set J\ = J\ n and J3 := J\ o J 2 = —J 2 o J 1; which follows from (VJ) o J = — J o (VJ) 
and observe Jf = Jf . Moreover these are (para-)hermitian structures, since J and Vy J are skew- 
symmetric w.r.t. the metric g. Hence the triple (Jx, J2, J3) is a (para-)quaternionic triple on TL 
with ex = —1 and £2 = £3 = sign(— aey). In the following we suppose, that it holds 

(VxJi)Y £ V, for X,Y eH. (5.3) 

This identity yields tt h ((V x Ji)Y) — and in consequence it is 

7r n ((V x Jx)Y) = e v g(V,x)(V v Ji)Y + e v g(JV,x)(VjvJi)Y 
= tvg(V, x)(VyJx)y + e v g(V, J X )J(V V J 1 )Y 

= e V y/\c7\g(V, X )J2Y + e vx /\c7\g(V, J X )J 3 Y I -9 3 { X )e 2 J 2 Y + 9 2 { X )e 3 J 3 Y, 
where we have to define 

02 (x) = e3ev\/Wff(V, Jx) = sign(a)y/\a\g(V,Jx), 

8 3 (x) = -£2£v\Aa\g(V,x) = sign(a)^J\a\g{V,x)- 
Further we compute using the relation (jl.7p for V and V 

(v x j 2 )y = v x (j 2 y) - i 2 v x y + -i= [J(v x J), (Vyj)] y, for x e tm, y g w (5.4) 

VH 

and get using V(VJ) = 

rr«[(V x J 2 )y] = -L= tt" [(V x (Vy J))F] = --^[(V^y J)Y] 

= ^=evg(JV,\7 x V){Vj V J)Y = -^=e v g{JV,VxV)J(yvJ)Y, 



2 Constant non-zero length suffices. 
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where we recall that V X Y E V has no part parallel to V. Due to equation (|5.3[) and Lemma [ 
(ii) the last term of (|5.4|) lies in V if x lS m W and vanishes if x is a multiple of JV". For x = V" we 
get [J(Vv J), (VyJ)] Y = 2|a| J 3 J 2 Y = 2e 2 |a| JiY This shows 

tt w [(V x J 2 )Y] = e 2 /H^g(v,x)Jiy + evg(J^v x v)j 3 y 

if we set #i(x) = — e 3 e v5(JY V X Y) = sign(a)g( JV, V X V). It remains to differentiate the third 
(para-)complex structure: 

(v x j 3 )y = v x (j 3 y) - j 3 v x y + _l_[j(v x j), j(v v j)]y. (5.5) 

2 vl a l 

Again one obtains using VJ = and V(VJ) = : 

7r W [(V x J 3 )F] = -^=7T W [(V x (JVyJ))Y] = ^=TT H [J(V*vJ)Y) 



,e v g(JV,W x V)J(Wj V J)Y = 0i(x)e 2 J 2 Y. 



The last term of equation (15. 5|) lies (with the help of equation (|5.3|) and Lemma 15731 (ii)) in V for 
X E H and vanishes if x is a multiple of V. For x = JV we compute [J(Vjy J), J(Vy J)] Y = 
[(VyJ), J(VyJ)] Y = 2|a| J 2 J 3 Y = -2e 3 |a| JiY This yields 

7T W [(V X J 3 )Y] = -^ 2 (x)eiJiY + 1 (x)e 2 J 2 Y. 

Given a second section {/ in V with g(U, U) — g(V, V) one has U = aV + bJV for real functions 
a, b with a 2 + b 2 = 1. Using this one easily sees that the triple induced by V and the one by U 
(locally) spans the same sub-bundle Q of endomorphisms of H. □ 

Lemma 5.10. Let (M 6 ,g, J) be a strict nearly pseudo-Kahler six-manifold of constant type a. 
Let s : U C JV — > M be a (local) sectioi^ of n on some open set U. Define <p by 

(j) = s* o 7T* : H s (n) ^ T n N ^> s*(T n N) C T s(n )M, for n E JV 

and set J,-i n := 71% o Ji| s ( n ) o (tt*^) -1 for i = 1,... ,3, where Ji are defined in Lemma [5. 9[ Then 
(Ji, J 2 , J 3 ) defines a local e-quaternionic basis preserved by the Levi-Civita connection V w of JV. 

Proof. We choose U such that the section s is a diffeomorphism onto W = s(U) and a vector field 
V in V defined on a subset containing W. As 7r is a pseudo-Riemannian submersion we obtain from 
71% os* = 1 that s is an isometry from U onto W. Therefore it holds s*(V^Y) = ir s * TN [V s «xs« Y] 
which yields V^Y = 71% (V s „xs* Y) and 

(^IHrWy) = tt w (V s ,xs*Y). (5.6) 

For convenience let us identify U and W or in other words consider s as the inclusion W C M. 
Then the projection on s*TN is <J> = s*7T* = 7T*|W. Moreover we need the (tensorial) relation 

Vx(^* Z ) - n*ir n (V%Z) = or equivalently V^Z - 7r*7r w (Vf ^Z) = 0, 



which can be directly checked for basic vector fields. Using this identity we get for i = 1, 



*(j,y) = v^(0j^- 1 Y) = 0v^(j^- 1 y) = 0(v^JO^ 1 Y + ^JiV^(^- 1 Y) 



= (Vf Ji) <T 1 Y + J 0" 1 V^Y = (Vf Ji) 0- 1 Y + Ji V£Y, 

which reads (V^J)Y = </> (Vf J) </j -1 Y. This finishes the proof, since the right hand-side is 
completely determined by Lemma [5.91 Therefore we have checked the condition (|4. 10|) . i.e. the 
manifold JV is endowed with a parallel skew-symmetric (para-)quaternionic structure, see also [3] 
10.32 and 14.36. □ 



^Local sections exist, since n is locally trivial [3] 9.3. 
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5.4. General dimension. In the last section we have seen that in dimension six the tensor Vy J 
induces a (para-)complex structure on H. This motivates the following definition. 

Definition 5.11. The foliation induced by TM = H ffi V is called of twistorial type if for all 

p E M there exists a V E V p such that the endomorphism 

Vv J : H p — ► H p 

is injective. 

Obviously, if V^J defines a (para-)complex structure, then the foliation is of twistorial type. 
Proposition 5.12. 

(a) If the metric induced on H is definite, then the foliation is of twistorial type. 

(b) If the foliation is of twistorial type, then for all p E M and all ^ U E V p the endomor- 
phism 

J : Hp — » Hp 

is injective. 

(c) It holds with A := Vy J for some vector field V in V of constant length and for vector 
fields X eH and X £ TM 

V x (A 2 )X = 0. (5.7) 
Further it holds [A 2 , (VyJ)] = for all U E V and 

\7u{A 2 )X = Q (5.8) 

for vector fields U in V. 

Proof. Part (a) follows from (VyJ)X E H for X E H and V E V, cf. Lemma O (i) . For (b) we 
observe, that if Vy J is injective so is Vjy J = — JVy J. As V is of dimension two {V, JV} with 
V ^ is an orthogonal basis. With a, b E M it follows g((aVy J+&V,/y J)X, (aV v J+bV JV J)X) = 
(a 2 + b 2 ) g((VvJ)X, (VyJ)X), which yields, that V a v+bjvJ ■ H p — > H p is injective since a ^ 
or 6 ^ 0. It remains to prove part (c). We first observe, that, since V has constant length and 
since V is a metric connection and preserves V, it follows V X V = a(x) JV for some one-form a. 
From V(VJ) = we obtain 

(V X A)X = (V x (Vy J))X = (Vv x yJ)X = a(x)(Vjy J)X = -a( X )JAX 

and we compute using {A, J} = 

V x (yl 2 )X = A(V X A)X + {V X A)AX = -a(x)[A(J(AX)) + JA 2 X] = 0. 

The expression [A 2 ,(Vi/J)] = is tensorial in U and vanishes for U = V. Therefore we only 
need to compute [A 2 , (V JV J)\ = -[A 2 . J(VyJ)] = -JL4 2 , (VyJ)] = 0, where we used that A 2 
commutes with J. This implies 

Wu{A 2 )X = Vu{A 2 )X + ^[J(VuJ), A 2 \X = -~[{S7 Jv J), A 2 \X = 

and proves part (c). □ 

In the following V is a local vector field of constant length ey = g(V, V) £ {±1}. 

We denote by Q, the curvature form of the connection induced by V on the (complex) line bundle 

V, which is given by 

R(X, Y)V = Q{X, Y)JV, for X, Y E TM, VeV. 

Proposition 5.13. If the foliation is of twistorial type, 

(i) then the endomorphism A := VyJ\n satisfies A 2 = ney^n for some real constant k ^ 
and 

tt = -2k{2u v - uj n ), 
where ui^iX, Y) = g(X, JY) is the restriction of the fundamental two-form u> to H; 

(ii) for X,Y mH it is (V X J)Y E V. 

The proof of this proposition is divided in several steps. 
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Lemma 5.14. 

(i) For X,Y inU and V inV it is R[X, Y, V, JV) = -2g((\7 v J) 2 X, JY). 

(ii) For a given X inTL and VinVit follows R{X, V, V, JV) = 0. 

Proof, (i) Since H is V-parallel we obtain, that a R(X, Y, V, JV) = R(X, Y, V, JV). This is the 
left hand-side of the first Bianchi identity (|1.12p . The right hand-side reads 

- x V v g{{VxJ)Y,{VvJ)JV) = -g{{VvJ)X,{V Y J)JV)-g{{V Y J)V,{VxJ)JV) 

= -2g((V v J) 2 X,JY). 

(ii) From the symmetries (I1.10[) of the curvature tensor R it follows R(X, V, V, JV) — R(V, JV, X, V). 
This expression vanishes since TL is V-parallel. □ 

From the last lemma we derive the more explicit expression of the curvature form f2 : 

Q = fuj v + e v a, (5.9) 

where / is a smooth function, LU V is the restriction of the fundamental two-form to — g(-, J-) to V 
and a(X,Y) = -2g(A 2 X, JY). 

Lemma 5.15. R holds with U £ V and X,Y E TL : 

duj v (X,U,JU) = 0, (5.10) 

da(X,U,JU) = 0, (5.11) 

d^ v ((7,X,y) = ~g(VuJ)X,Y), (5.12) 

da(U,X,Y) = Ag(A 2 (VuJ)X,Y). (5.13) 

Proof. For vector fields A, B, C on M it is 

{V a uj v )(B,C) = Auj v (B,C) -uj v (V a B,C) -uj v (B,V a C) = Auj v (B,C) 

-u v (v A B + ^J(V A J)B, C^j - uj v \B, V A C + ^J(V A J)C 

If two of them are X, Y E TL and one is U E V we check using the definition of u> v , the information 
of Lemma 15.31 and that the decomposition TL © V is V-parallel: 

Vulj v (X,Y) = 0, 

V x uj v {U,Y) = -oj v (U,\7 x Y) = ~u v (U,J(VxJ)Y), 

Vyw v (l, U) = -U) V (VyI, U) = -^uj v (J(X7 y J)X, U). 

By the symmetries of cu( JV. J-, •) we conclude dcu v (U, X, Y) = —g((VuJ)X, Y). Next we suppose 
X E H and U E V and obtain with Lemma [ 



V x u; v (U, JU) = -lo v (V x U, JU) - u; v (U, V X (JU)) = 0, 
Vuu v (X, JU) = -^lu v {J(VuJ)X, JU) - \^ V {X, J{V V J)JU) = 0, 

Vjulu v (U,X) = -^lo v (J(VjuJ)U,X) - ^ v (U,J(V,juJ)X) = 0. 

This shows du v (X, U, JU) = 0. Let X, Y E TL and U E V. From a(U, ■) = we conclude 

(Vua)(X, Y) = -2 [g(Vu{A 2 )X, Y) + g(A 2 X, (V^Y)} l P -2g(A 2 X, {V V J)Y), 
(V x a){U.Y) = -g(A 2 (VuJ)X,Y), (V Y a){U, X) = -g(A 2 (VuJ)Y, X), 
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which finishes the proof of da(U, X, Y) = Ag(A 2 (VuJ)X, Y), since [A 2 , VjjJ] = for all U S V. 
We now prove the last identity 

(Vua){JU,Y) = -a{V u JU+^J(V u J)JU,Y)-a{JU 1 V u Y + ^J(\7 u J)Y) = 0, 

(Vjua)(Y,U) = -a(Wj U Y+^J(Vj U J)Y,U)-a(Y,W JU U+^J(Vj U J)U) = 0, 

(V Y a){U,JU) = -a(V Y U + ^J(V Y J)U,JU)-a(U,VYJU + ~J(VyJ)JU) = 0, 

where we used a(W, •) = ~a(-, W) = for W e V. This finally shows da(X, U, JU) = 0. □ 

Proof, (of the Proposition ^. 13[) (i) Let X, Y be vector fields in H and V be a local vector field in 
V of constant length. Since f2 as a curvature form of a (complex) line bundle is closed, we obtain 
from equation (|5.9|) — eyda = fdu v + df A uj v . The equations (|5. 10[) and (|5.1ip imply = 0. 
This implies [X, Y]/ = and using that TL is V-parallel we obtain (VxY)f = = (VyX)/ which 
yields finally = T^(X,Y)(/) = -[J(V X J)Y](/). By Lemma O (ii) d) the last equation shows 
d/|v = 0. Since M is connected, it follows / = — k for a constant k. 
Again using dft(V, X, Y) — equation (|5.12p and (|5. 13[) yield for arbitrary X, Y 

k 9 ((V v J)X, Y) + Ae v g{A 2 {V v J)X, Y) = 0. 

This implies (Vy J)(k1-h + 4eyA 2 ) = 0. Since the foliation is of twistorial type, it follows 

A 2 = -ey-lw = -eyal-H 
if we set 4a = k in analgogue to dimension six. 

(ii) Since fl is closed, it follows from part (i) and du> v (X, Y, Z) = for X,Y,Z G Ti that it is 
duj n {X, Y, Z) = 0. Using duj n {X, Y, Z) = 3g((V X J)Y, Z) yields part (ii). □ 

Proposition 5.16. Let {M ik+2 ,g : J) be a strict nearly pseudo-Kahler manifold of twistorial 
type. Let s : U C N — > M be a (local) section of tt on some open set U. Define <p by 

cf> = s* o 7T* : TL s ( n ) ^ T n N ^ s*{T n N) C T s{n) M, for n € N 

and set Jji n := ir* o Ji| s („) o (tt*^) -1 for i = 1, . . . , 3, where Ji are defined in Lemma 1 5. 9[ Then 
(Ji, J2, J3) defines a local e-quaternionic basis preserved by the Levi-Civita connection V N of N. 

Proof. The proof of Proposition [531 only uses A 2 = ne v t and (Vx J)Y e V for X, Y £ Ti. There- 
fore we can generalize it by means of Proposition 15 . 131 to strict nearly pseudo-Kahler manifolds of 
twistorial type. □ 

5.5. The twistor structure. In this subsection we finally characterize the nearly pseudo-Kahler 
structures, which are related to the canonical nearly Kahler structure of twistor spaces. 

Theorem 5.17. 

(i) The manifold (M,J = J,g — 92) is a twistor space of a quaternionic pseudo-Kahler 
manifold, if it is tya > 0. 

(ii) The manifold (M, J — J ,g = 52) is a twistor space of a para- quaternionic Kahler manifold, 
if it is £ya < 0. 

Proof. Denote by n z : Z — * N the twistor space of the manifold N endowed with the parallel skew- 
symmetric (para-) quaternionic structure constructed from the foliation tt : M —> N of twistorial 
type, cf. Proposition ^ . 91 for dimension six and Proposition l5.16l for general dimension. We observe 
that the restriction of J to Tt yields a (smooth) map 

ip : M — > Z, m 1 ► dn m o J m \ n o (d7r m | W ) _1 =: j n ( m ), 

which by construction satisfies n z o if = n and as a consequence dir z o dip = dix . Since 7r and tt 2 
are pseudo-Riemannian submersions, the last equation implies that dip induces an isometry of the 
according horizontal distributions and maps the vertical spaces into each other. Let us determine 
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the differential of if on V. 
Claim: For V S V one has 

<2V?(F) = 2 ck o (V 7 J) o (dTr^)" 1 , 
d<p(JF) = 2 dn o (Vj V J) o (dir^y 1 = -2 diro J(V V J) o (djr^y 1 . 

To prove the claim we consider a (local) vector field V G V and a (local) integral curve 7 of V on 
some interval I 3 with 7(0) = m. Let X be a vector field in N. Denote by X the horizontal lift 
of X. The Lie transport of X along the vertical curve 7 projects to X, i.e. it holds c?7r 7 ( t )(X) = X 

for all t G / and in consequence (dir^M \-j-A 1 X = X. In other words c?7r commutes with this Lie 
transport, which implies 

dtp(V)X = dTr((£ v J)X), 

as one directly checks using basic vector fields. Therefore we need to determine the Lie-derivative 
C of J : 

ir n ((£ v J)X) = ir n ([V, JX] - J[V,X]) 

= ir n (Vv(JX)- VjxV- JV V X + JVx v ) 

= n n ((y v j)x - lj(v Jx j)v + \j (J(v x j)) v) 

= 2(V V J)X. 

This shows dp(V) = 2 dno (Vy J) o (dn^)' 1 , which implies d<p(JV) = 2 dno (V JV J) o (dn^)^ 1 = 
—2d-K o J(VyJ) o (dir^)^ 1 . Given a local section s : N — > M and the associated adapted frame 
of the (para-)quaternionic structure it follows that if o s is Ji, d<£>(V) is related to Ji and d</?(jy) 
to — J3 which span the tangent space of the fiber F^t m \ — S 2 in <p(m). The complex structure of 
Z maps J2 to J3. Hence is complex linear for the opposite complex structure J on M. Further 
one sees in this local frame that ip maps horizontal part into horizontal part. Therefore f is an 
isometry for the metric g — 92, i-e. the parameter t = 2 in the canonical variation of the metric g. 
This means that (M, J, g — g-i) is isometrically biholomorph to Z. □ 

Combining Theorem 1 2 . 1 31 and Theorem 15 . 1 71 we obtain Theorem A. 
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